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SCHRODINGER-KIRCHHOFF-POISSON TYPE SYSTEMS 


CYRIL JOEL BATKAM AND JOAO R. SANTOS JUNIOR 


Abstract. In this article we study the existence of solutions to the system 

(a + 6 Jo I Vttp) Alt + =/(x, u) in £7 

—A(f> = in O 

u = (/i = 0 on 50, 

where O is a bounded smooth domain of {N = l,2or3),a>0,fe>0, and 
/:OxR—>Risa continuous function which is 3-superlinear. By using some 
variants of the mountain pass theorem established in this paper, we show 
the existence of three solutions: one positive, one negative, and one which 
changes its sign. Furthermore, in case / is odd with respect to u we obtain an 
unbounded sequence of sign-changing solutions. 


1. Introduction 

In this article, we study the existence of signed and sign-changing solutions to 
the following Schrddinger-Kirchhoff-Poisson system 

f — [a + bAu + (pu = f {x, u) in fl 
I -Acj) = u^ in II (SKP) 

u = (p = 0 on dfl, 

where H is a bounded smooth domain of with N = 1,2 or 3; / is a continuous 
function satisfying some conditions we will precise later, a > 0 and 6^0. 

When a = 1 and 6 = 0, (ISKPI) reduces to the boundary value problem 

{ —Am + pu = f{x, u) in H, 

—Ap = vP in n, (1-1) 

u = p = 0 on dfl. 

Knowledge of the solutions of system (ED is relevant in the study of stationary 
solutions p{x,t) = e~^*u{x) to the nonlinear parabolic Schrodinger-Poisson system 

f ^ —Ap + p{x)p — \p\^~'^p in n, 

■< —Ap = |'(/)p in n, (1-2) 

p = p = 0 on dfl. 

The first equation in (II.2L called Schrddinger equation, describes quantum (non- 
relativistic) particles interacting with the eletromagnetic field generated by the 
motion. An interesting class of Schrodinger equations is when the potential p{x) is 
determined by the charge of wave function itself, that is, when the second equation 
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in (11.21) (Poisson equation) holds. For more details about the physical relevance of 
the Schrodinger-Poisson system, we refer to [31101 El]. 

System CH) has been extensively studied after the seminal work of Benci and 
Fortunate [lOj . Many important results concerning existence and non existence 
of solutions, multiplicity of solutions, least energy solutions, radial and non radial 
solutions, semiclassical limit and concentrations of solution have been obtained. 
See for instance OElEliaillKniES and the references therein. 

On the other hand, considering just the first equation in (ISKPI) with the potential 
equal to zero, we have the problem 

— [a + Au = f{x,u) in fl, 

u = 0 on dn. 


(1.3) 


which represents the stationary and N-dimensional version of the Kirchhoff model 
[18] for small transverse vibrations of an elastic string by considering the effect of the 
changing in the length during the vibrations. In fact, since the length of the string is 
variable during the vibrations, the tension changes with the time and depends of the 
norm of the gradient of the displacement u. More precisely, we have a = Po/h 
and b = El2L, where L is the length of the string, h is the area of cross-section, E 
is the Young modulus of the material and Pq is tbe initial tension. Problem (11.31) 
is called nonlocal because of the presence of the term \'Vu\'^dx which implies, 
when b ^ 0, that the equation in (1E31) is no longer a pointwise identity. This 
phenomenon causes some mathematical difficulties which make the study of such 
class of problems particularly interesting. Some existence and multiplicity results 
on Kirchhoff type problems can be found in [3 El H 0 EIlEg and the references 
therein. 

An important fact about system (ISKPI) is that it can be converted into a bi¬ 
nonlocal problem of the Schrodinger-Kirchhoff type. More precisely, by using stan¬ 
dard arguments as those in [ 10 ], one can show that («,</>) 6 x Ffg(n) is a 

weak solution of (ISKPI) if, and only if, ip = 'Pu and u is a weak solution to the 
following Schrodinger-Kirchhoff type system 

— [a + b'^^\yu\'^) Au + (puU = f{x,u) in fl, 

M = 0 on dft. 


(SK) 


where (pu is the unique element of Pq (fl), given by the Lax Milgram Theorem, such 
that —A(pu = u^. We will then concentrate our efforts in the study of (ISKI) . 

In recent years, Schrodinger-Kirchhoff problems like (ISKI) . with (p = p{x) de¬ 
pending only on x, have received great attention of the mathematical community. 
In |16] . by using Lusternik-Schnirelmann theory and minimax methods, He and 
Zou proved a result of multiplicity and concentration behavior of positive solutions 
for the following equation 

— (e^a -f be ^^3 | Vup) Au + V(x)u = f{u) 
u e E[^( 


(1.4) 


by assuming, among others, that f s 
that the potential V satisfies: 


is subcritical and 3-superlinear, and 


Vao = liminf K(a;) > Vq = inf K(x) > 0 . 

|x|^oo R3 

In [26], Wang et al. replaced the second member of (11.41) by Xf{u) + u® and 
they obtained, assuming only that / is continuous, multiple positive solutions 
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when the parameter A > 0 is large enough. Their approach combines Lusternik- 
Schnirelmann theory, minimax methods, and the Nehari manifold method. More 
recently, Figueiredo and Santos Junior m obtained, using penalization method and 
the Nehari manifold approach, a multiplicity and concentration result of positive 
solutions for the problem 

I (f W IVnp + ^ V"(a;)^^) [-e^Au + V (a;)?/] = f(u) in K^, 

[us 

with / 3-superlinear and only continuous, M a general continuous function, and V 
satisfying the condition: for each J > 0 there is a bounded and Lipschitz domain 
n c such that Vq < min^n 1^, with If = {x e : V(x) = Vq} 0 and 

= {x e : dist{x,Il) ^ 6} cz Q. We also refer to [TH [T71 [131 HH] for related 
results. 

Motivated by the previous work, we study the existence of solutions to the system 
(ISKPI) or, equivalently, to the system (ISKI) . As far as we know, this is the first paper 
to investigate a bi-nonlocal problem of this type. We emphasize that the combined 
effects of the two nonlocal terms it contains make problem (ISK |1 an interesting 
variational problem. We will have to circumvent some new difficulties in order to 
decide the sign of the solutions. To enunciate our main result, we first require some 
conditions on the nonlinear term /: 

(/i) / e C'(n X R, R) and there exists a constant c > 0 such that 

|/(x,t)| ^ c(l where 4 < p < 6 ; 

(/ 2 ) f{x,t) = o(|tj), uniformly in x G 11, as m —> 0; 

(/a) there exists p > 4 such that 0 < tiF{x, t) ^ l/(x, t) for all! A 0 and for all 
X G n, where F(x, t) = /(x, s)ds. 

We say that the couple (u, (f) is a sign-changing solution of (ISKPI) if u changes its 
sign. Our main result reads as follows: 

Main Theorem. Let a > 0 and b ^ 0. If (/i) — (/a) hold, then problem (ISKPI) 
has at least three solutions: one positive, one negative, and one sign-changing. 
If moreover f is odd with respect to its second variable, then problem (ISKPI) has 
infinitely many sign-changing solutions. 

Our approach in proving this theorem is variational and relies on the application 
of three critical point theorems. The first one is a new version of the mountain pass 
theorem established in this paper. More precisely, using the quantitave deformation 
lemma introduced in [8] , we derive a variant of the mountain pass theorem on cones 
which yields positive and negative Palais-Smale sequences for the energy functional 
associated to (ISKl) . The second critical point theorem is a sign-changing version 
of the mountain pass theorem, also established in this paper, which guarantees 
the existence of a sign-changing solution of mountain pass type to (jSKp . The main 
feature of this result is a new characterization of the mountain pass level introduced 
recently in m- However, we point out that the critical point theorem in m cannot 
be used in our situation because the auxiliary operator constructed in Section [3] is 
not compact if it is defined on an infinite dimensional vector space. Finally, the 
third critical point theorem is a version of the symmetric mountain pass theorem, 
established recently in [ 8 ], which will be used, in case / is odd in u, to ensure the 
existence of infinitely many high energy sign-changing solutions to (ISKI) . 
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The paper is organized as follows: In Section [21 we state and prove the abstract 
results. In Section |3l we provide the proof of Theorem [I] which is divided into three 
parts. 


2. Critical point theorems 

In this section, we provide some critical point theorems which are interesting by 
themselves and can be used in many other situations. 

Let J be a C^-functional defined on a Hilbert space X of the form 

X := with dimXj < co. (2.1) 

We introduce for m > 2 the following notations: 

Yra:=®JLiX,, Jm--=J\Y^, 

Xryi := I'll G Yjyi 5 J^{u^ ~ and Llm 
Let Pm be a closed convex cone of Ym ■ We set for > 0 
YDm ■ ^ Ym I dist(u^ i^m) < 

We will also denote the a-neighborhood of IT c Ym by 

Vc,{W) := {ueYm\dist{u,W) ^ a}, Va > 0. 

We consider the following situation: 

(Hq) There exists a locally Lipschitz continuous vector field B : Em Ym (B 
odd if J is even) such that: 

(i) B{{±Dl) n Em) ^ ±Dl- 

(ii) there exists a constant oi > 0 such that (Jm{u),u — B{u)) > ai||M — 
H(u)p, for any u e Em] 

(iii) for Pi < p 2 and a > 0, there exists /3 > 0 such that ||u — i3(M)|| ^ /3 if 
u G Ym is such that Jm{u) G [pi,p 2 ] and || Jm('a)|| ^ ck- 

We have the following quantitative deformation lemma. 

Lemma 2.1 (see [8], Lemma 2.3). Let J G (7^(X,]R). Assume that for all m > 2 
there exists pm > 0 such that the condition (Hq) is satisfied. Let c G R, Gq > 0 and 
W c Ym {with —W = WifJis even) such that 

Vug J-i([c-2eo,c + 2eo]) nI/ii^(IT) : ||j;,(u)|| ^ gq. (2.2) 

Then for some e g] 0, eo[ there exists ry G C([0,1] x Ym, Ym) such that: 

(i) ri{t, u) = u for t = 0 or uf Jfif ([c — 2e, c + 2e]); 

(ii) -ao,c + e]) nIT) c (] - cx), c - e]); 

(iii) Jm{v{‘,u)) is not increasing, for any u; 

(iv) 77([0,1] X {±Dlfi) c ±D°^; 

(v) Lf J is even then ri{t, ■) is odd, for any t G [0,1]. 

To hnd positive and negative solutions we will use the following version of the 
mountain pass theorem in cones. 
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Theorem 2.2. Let J G K.). Assume that for any m > 2 there exists > 0 

such that (Ao) is satisfied. Assume also that there exist e- G +P 2 and r > 0 such 
that 

(Ai) ||e"|| > r and p := inf J(u) > i5 := max{ J(0), J(e”)}. 

uex 

\\u\\=r 

Then there exist sequences {u^ c +D^ such that 

lim JU{u^,n) = 0 and lim G [p, nrax J(te±)]. 

n—>co ra—>CX) te[ 0 ,l] 


Proof. We define 


Cm := inf sup J{u), 

7 er± U67([0,l]) 


where 


T- := 


:= {7 G C([0, 1],±^ ; 7(0) = 0, 7(1) = e^}- 


One can verify easily that the map 7 : [0,1] ^ +D^ defined by 7 (t) = te- belongs 
to r±. 

By remarking that inf J(m) > inf iigx Jiu), we deduce from (Ai) that 

^ P- 


We claim that 

Vgo e]0, (c±-(5)[, 3 ug J-i([c±-2Go,c±+2Go])n(^±D;^^ ; || j;„(u)|| < eq. (2.3) 

Indeed, if the claim is not true then there exists Eq g]0, (c- — i5)/2[ such that 
ll'^m(^^)ll > Co for all u G J“^([c± - 2eo,c± + 2eo]) n (^+£>5),^ We apply Lemma 
12.II with c = c* and W = VW(±Pm) and we define 


9 : [0,1] -> ±D^, e{t) := ry(l, 7 (t)), 
where 7 G L* satisfies 

sup J(u) ^ c* + E, 
ue7([0.1]) 

with E and rj given by Lemma l2.II 

It is not difficult to show, using the properties of p, that 9 belongs to L* 
Inequality (12.41) and conclusion {ii) of Lemma 1 2. II imply that 

sup J{u) = sup Jm{u) 

iiee([0,l]) «€r;(l,7([0,l])) nTbjG 

^ sup Jm{u) 

u€r}{l,J^ (] —oo,ci+£])n + £)5^) 


(2.4) 


^ C- - E. 


This contradicts the definition of c* . 
of the theorem follows. 


Consequently (12.31) holds and the conclusion 

□ 


To find sign-changing critical points of mountain pass type, we will use a version 
of the mountain pass theorem with a new characterization of the mountain pass 
level given in m- We will use the following notations: 

Dm = (-£>((,) and S'm := Y^\Dm- 
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Theorem 2.3. Let J e R). Assume that for m > 2 there exists > 0 such 

that (>lo) is satisfied. Assume also that there exists a continuous map po : A ^ Ym 
satisfying: 

(1) (fioidiA) c and ipo{d 2 A) a -D^, 

( 2 ) MSoA)nD°^n{-D^J = 0, 

(3) Co := J(m) < := inf„g5(£)^)n5(-D^) J{u), 

where 

A = {(s,<)gM^ : s + i ^ 1} 

5iA = {0} X [0,1], 52 A = [0,1] X {0} and BqA = {{s,t) e A : s + t = l}. 

Then there exists a sequence {uffi)n c VE^(Sm) such that 

lim JL(u1A = 0 and lim J{ufA G Tcq, sup J{u)\. 

ixevo(A) 


Before giving the proof of this theorem, we recall the following useful intersection 
lemma which the proof can be found in m- 


Lemma 2.4. // tp : A —> satisfies (p{diA) c (p{d 2 A) c —D'^, and 

(p((9oA) n n {-D%) = 0, then ip{A) n d{Dlfi n 0. 


Proof of Theorem 12.31 We define 

:= [if G C(A, Ym) ■■ (^(d 2 A) cz -D°m and = 95o}- 

It is clear that (^0 s r^- By Lemma l^l^ above we have g}{A) f^d{D^ )nd{-Dlf) 0 

for any ip G Fm- This intersection property implies that 


Cm := inf sup J{u) ^ > cq. 

veTm ueip{A)r,S^ 


Let us show that 

Veo G ]0, [, 3u G ([cm - 2eo, Cm + 2eo]) n 14^(5'^) ; || J^(m)|| < gq- 

(2.5) 

Arguing toward a contradiction, we assume that (12.51) does not hold, that is there 
exists £0 g]0, [ such that || Jm('a)|| ^ Gq, for all u G {[cm — 2eo, Cm + 2£o])n 

We can then apply Lemma [2.II with c = Cm and W = Sm- Using e and 
the deformation rj given by Lemma l2.11 we define the map 


fi-.A^Ym, X ^ I3{x) := r]{l,p{x)), 


where p G F^ is chosen such that 


sup J{u) ^ Cm + £■ (2.6) 

uE(p{A)r\Sm 

Since cq < Cm — 2£, condition (3) in Theorem 12.31 and conclusion (i) of Lemma 12. II 
imply that (/5o(5oA) c J~^ (] — GO,Cm — 2£[). It follows that (3 G Fm- 
Now, using the conclusions (ii) and {iv) of Lemma 12.11 and the relation (12. 6 p . one 
can easily verify that 

V (1, </^5(A)) nSm^V (1, Jm (] - GO, Cm + e]) D Sm) C J-'^ (] - GO, Cm “ e]) ■ 

It follows that 


sup J{u) = sup J{u) ^ Cm — 
ue^{A)r\Srn 
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which is in contradiction with the definition of Cm- 

The above contradiction assures that (j2.5l) holds. We then conclude by letting 

£0 ^ 0 . □ 

We terminate this section by recalling a version of the symmetric mountain pass 
theorem we will apply in order to get infinitely many sign-changing critical points. 
We introduce for fc > 2 and m > k + 2 the following notations: 

= ©"IfcX,, Bk := {u e Ffc ; ||u|| ^ p^}, 

Nk ■■= {ue Zk] ||u|| = rt}, iV™ := {u e ZJ^ ; ||u|| = rt}, where 0 < rfe < pk- 
The following result was established in [5]. 

Theorem 2.5. Let J e C^(X, R) be even. Assume that for k ^ 2 and m > k + 2, 
there exist 0 < rk < Pk > 0 sueh that (^o) o,nd the following two conditions 

are satisfied: 

{A[) Ofe := max„e 5 Bfc J{u) <bk ■■= inf„eAr^ J{u). 

(A') NJL c Sm. 

Then there exists a sequence c Vt^^Sm) such that 

lim J'miul ) = 0 and lim G [ 6 ^, max J('u)]. 

n^oo ’ n^oo ’ ueBk 


3. Proof of the main result 


In this section, we apply the previous abstract theorems to prove our main result. 
We assume throughout this section that (/i, 2 , 3 ) are satisfied. We will also denote 
by |.|q the usual norm of the Lebesgue space L'J(il). 

We define X to be the usual Sobolev space Hq{LI) endowed with the inner 
product 


(u, u)= XuS/vdx 

Jn 

and norm ||up = (u, u), for u,v B Hq(LI). 

The following result is well known (see e.g [131 1^ 1. 


Lemma 3.1. For each u G iJg(n), there exists a unique element (fu £ such 

that —X(f>u = ■ Moreover, 4>u has the following properties: 

(i) there exists C > 0 such that ||(()„|| ^ C'l'ap and 

I \\/(j)u\'^dx = I 4>uU^dx < Cllull"^; 

Jn Jn 

( a ) ^ 0 and 4>tu = t^(t>u, V t > 0; 

(in) if Un ^ u in HKVL), then (/>„„ ^ (j^u in and 

lim (fu^u^dx = (fuU^dx. 

'n.-xxt Jq Jq 

We mean by a weak solution of (ISKl) . a function u G i?o(n) such that 
(a-I- 6 ||m|P) XuXvdx+ (fuuvdx = f(x,u)vdx, \lv B hI(Vl). 

Jn Jn Jn 

Let us consider the functional J : Hq(LI) R defined by 

'J(^) = + tII^II^ + 7 f (t>uU^dx — r F(x,u)dx, ubFII(FI). 

2 4 4 Jq Jo 
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It is standard to verify that if (/i) holds then J belongs to R) with 

(j'{u),v) = [a + b\\u\\'^) VriViidj; + (jiuUvdx — f{x,u)vdx,'iu,veHl{Vt). 

Jn Jn Jfi 

Clearly, critical points of J are weak solutions of problem (ISKI) . 

Let us denote by Ai < A 2 < A 3 < ... the distinct eigenvalues of the problem 

—Au = Au in fl, u = 0 on dfi. 

It is well known that each Aj has finite multiplicity, the principal eigenvalue Ai is 
simple with positive eigenfunction ei, and the eigenfunctions ej corresponding to 
Aj (j > 2) are sign-changing. Let Xj be the eigenspace associated to Aj. We set 
for m > 2 

Lm ~ = ^ dm d\Y ^, LfrM I'll G <7^ (u) — 0 j- and 77m YYn\Kjji 

+Pm ■■= {u G Ym] u{x) O}, := ©"LfeA, and := {u G ||u|| = rfe}. 

Note that, for all u G -(-Prn\{0}, we have \^ueidx > 0, while for all u G Zk, 
ueidx = 0, where ei denotes the first eigenfunction of the Laplace operator with 
Dirichlet condition. This implies that +Pm Zk = {0}. In an analogue way we can 
show that —Pm Zk = {0}, where —Pm '■= {u G Ym',u{x) ^ 0}. Therefore, since 
is compact, we conclude that 

dm ■■= distiN]^, -Pm u +Pm) > 0 . (3.1) 

Now we construct an odd locally Lipschitz continuous vector field satisfying the 
condition (Ag). The idea goes back to [20] . 

For u G Ym fixed, we consider the functional 

= ^ (« + ^ll«P) IkP + ^ f (l)uv'^dx-\ vf{x,u)dx, veYm- 
^ Jn Jn 

It is not difiicult to see that is of class C^, coercive, bounded from below, 
weakly lower semicontinuous and strictly convex. Therefore admits a unique 
minimizer v = Au G Ym, which is the unique solution to the problem 

- {a + b\\uf) Av + (j)uV = f{x,u), veYm- 

Clearly, the set of fixed points of A coincides with Km- Moreover the operator 
A: Ym —*Ym has the following properties. 

Lemma 3.2. 

(1) A is continuous and maps bounded sets to bounded sets. 

(2) For any u G Ym, we have 

(Jmiu),u-Au)> \\u-Auf, (3.2) 

||Jl(u)K(a + C||up)||u-^u||. (3.3) 

(3) There exists p-m £ (0,dm) such that A{±D^) cz +D^, where 6m is defined 
by (13.111 . 

Proof. (1) Let (it„) c Ym be such that Un -* u in Ym- We set Vn = Aun and 
V = Au. Using the definition of A, we obtain for any w G Ym 

(a-b&||u„p) VvnXwdx + (j)u„Vnwdx = wf{x,Un)dx, (3.4) 
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{a + b\\uf) r \/v\7wdx+ f (l)uvwdx = f wf{x,u)dx. 
JO JO JO 

By choosing tc = in (13.41) and in (13.51) , we obtain 


(3.5) 


(a + b\\unf) \\vn - -yp = b {\\unf “ ||up) V'uV(v„ - v)dx 

Jo 

+ (<f>nV - <f>n^V„)(Vn - v)dx + (Vn - v)(f(x, U„) - f(x, u))dx. 
JO Jo 

Observing that 

((/)uV - (t>u^Vn){Vn - v) = -4>u„{Vn - v)^ + {4>u^ - (j)u)v{v - Vn) 

< (</>«„ - (l>u)v{v - Vn), 

we conclude, from Holder inequality and Sobolev embedding theorem, that 


(a + b\\unf) ||v„ - -yp < &|l|w„P - llupl ||y||||yn - y|| + ci\(j)u^ - (^u| 3 ||y||||yn - y|| 

+ C2|/(.,'U„) - f{.,u)\^\\Vn -p|| 

P-1 

where ci and C 2 are positive constants. From (/i) and Theorem A.2 in |27] . we 
have /(., Un) — /(., m) ^ 0 in L~ (O). On the other hand, from definition of ipun. 
and (f>u, we obtain —(/)„—> 0 in L^{Q). Hence, ^ in Y^, showing that A 
is continuous. 

To hnish this item, we observe that taking v = w = Au in (13.51) leads to 

(a + 6||up) ||AmP + (j)u{Au)^dx = Auf{x,u)dx, 

Jo Jo 

which implies, using (/i) and the Sobolev embedding theorem, that 

a||Au|| ^ C 2 (l + ||uP), 

where C 2 is a positive constant. Therefore, Au is bounded whenever u is bounded. 
(2) Taking w = u — Au in (13.51) . it follows that 


(a + 6 ||mP) S/AuV{u —Au)dx+ \ <f)uAu{u — Au)dx = {u —Au)f{x,u)dx, 


whence 


{J'^{u), u — Au) = (a + 5 ||mP) ||m — Awp + (j)n{u — Au)‘^dx ^ a||M — Aup. 

Jo 

Moreover, using again (1^ . we have 

(J!)^{u),w') = (a + 6||up) S/uVwdx + (puUwdx — wf{x,u)dx 

Jn Jn Jo 

= (a + 6||up) \/{u — Au)\/wdx+ (j)u{u — Au)wdx. 

Jo Jo 

Applying Holder inequality and Sobolev embedding theorem, we conclude that 

||j;,(zi)K(a + C||n||2)||u-Azi||, 


for some constant C > b. 

(3) From (/i) and (/ 2 ), for any e > 0 there exists Cg > 0 such that 
\f{x,t)\ ^ e\t\ + Cs\t\P~^, V t G K. 


(3.6) 


10 


C. J. BATKAM AND J.R. SANTOS JUNIOR 


Let u e Ym and v = Au. We denote w'^ = max{0, w} and w = min{0, w}, for any 
w e X. Taking w = in (I3.5p and using Holder inequality, we obtain 

(a + 5 ||mP) llu+p + r 4>u{v^)'^dx = f v^f{x,u)dx 

Jo Jn 

^ e\u+\2\v+\2 + Ce\u+\P~^\v+\p, 

which implies 

^ + Ce\u+\P-^\v+\p) . (3.7) 

Since |z''"|s ^ |z — w|s, for all z G X, ic G —P, and 1 ^ s ^ 2*, there exists a positive 
constant ci = ci(s) such that |u'''|s ^ cidist{u, —P) ^ cidist{u, —Pm). Note that 
dist{v, —Pm) ^ ||'y''|| and, consequently, by (13.711 and Sobolev embeddding theorem 
that 


dist{v, —Pm)\\v^\\ ^ ^ C 2 {edist{u,—Pm) + Ci;dist{u,—Pm)^~^) , 

where C 2 is a positive constant. Therefore, 

dist{v, —Pm) ^ C 2 [edist{u, —Pm) + c^dist^u, —Pm)^~^) ■ 

In the same way, we can prove that 

dist{v, +Pm) ^ C 2 [edist{u, +Pm) + Cgdist{u, +Pm)^~"^) ■ 

where C 2 is also a positive constant. 

Hence 

dist{v, ±Pm) < C 3 [edist{u, ±Pm) + Csdist{u, +Pm)^~^) , 
where C 3 = max{c 2 ,C 2 }. Fixing e small enough, we can choose ^m such that 

0 < < min{i5m, —1, (3.8) 

I m J 

and 

dist{v,+Pm) ^ -dist{u,±Pm) whenever dist{u,+Pm) < ^J‘m■ 

It then follows that A{±D^) a ±D^. □ 


Using Urn as above, we define 

± := {ueYm'. dist{u, ±Pm) < Mm}, (3.9) 

Dm = Dl^yj{-Dl;) and Sm ■■= Ym\Dm. 

Observe that we can not yet insure that the vector field A : Ym Ym is locally 
Lipschtiz continuous. However, as pointed out in [^, we can argue as in and 
use A to construct another vector field which satisfies the condition (Aq). More 
precisely, we have the following result. 

Lemma 3.3. There exists a locally Lipschitz continuous operator B : Em Ym 
such that 

(1) {J'{u), u — Bu} ^ |||r — Tlup, for any u G Em- 

(2) i||M — Bu\ < ||m — Au\ ^ 2||m — Bu\, for any u G Em- 

(3) B{{±Dl,) n Em) ^ ±Dl. 

Moreover, if A is odd then so is B. 

Proof. Follows the same steps from [7], see also [5]. 
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Remark 1. Lemmas 13.21 and 13.31 imply that 

(J'(w), It — Ru) >-||m — Aup and || J^(u)|j ^ 2(a + C'llitp)!!! — Am||. 

8 

Lemma 3.4. Let pi < p 2 and a > 0. Then there exists /3 > 0 such that ||u — 
B{u)\\ ^ P if u e Yjn is such that Jm(u) G {pi,P 2 \ and ||d^(w)|| > a. 


Proof. From the definition of operator A, it follows that for each u e 
(a + 6 ||m||^) VAuVudx+ puuAudx = uf{x,u)dx. 

Jn JQ Jo 


Whence, 


Jm{u) -(a + 6||up) f 'S/uV{u — Au)dx -f (j)uu{u — Au)d: 

T Jo h- Jo 

\ 

JO 


1 1 

2 p 


+ 6 -- 


4 p 




1 1 
4 


(puU dx 


+ 


^—f{x,u)u — F{x,u)^dx. (3.10) 


Using (/a) and Lemma [3^ 21. we have 

f7 - hr < \ Jm{u)\ + - (a + ) 

V4 M/ M 


1 1 

al ---, IMI 


AuW 


^ \ Jm{u)\ + - (o + b\\uf) hllh - Bu\\. 

p 

(3.11) 


Suppose that there exists a sequence (it„) c Ym such that Jmiun) £ [pi, P 2 ]) hm(Mn)|| 
a and ||u„ — Bun\\ 0. From (13.111) . we conclude that (un) is bounded. Finally, 
by Remark [T] we derive J'^{un) —* 0, which is a contradiction. □ 


3.1. Existence of constant sign solutions. In this subsection, we prove the 
existence of a positive solution and a negative solution to (ISKI) . 

The following lemma shows that Jm has the mountain pass geometry. 

Lemma 3.5. There are e~ G +P 2 and r > 0 such that the condition (Ai) in 
Theorem \2.2\ holds. 


Proof. Let cr := inf{|Vu| 2 /|u |2 ; u G Hq^H)}. For e = aa/2 in (13.6L there exists 
Cl > 0 such that 

\F{x,t)\ < + VtGiR. 

4 p 

The last inequality together with Lemma l3. If iil and Sobolev embedding theorem 
gives us 

where C 2 > 0 is constant. Thus, by choosing r = (a/2c2)^ > 0, we obtain 



for all u G Hq(LI) with ||u|| = r. 
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On the other hand, from (/a) there are positive constants C 3 and C 4 such that 


F{x,t) > C 3 \t\^ - C 4 . 

Hence, fixing ej G +P2\{0}, it follows from Lemma IXTH iil that 


J{te±) ^ 




{csletl'/,) + C4\n\, 


for all t > 0. Since ^ > 4, we can choose t* > 0 large enough such that, defining 
e- := we have J(e-) < 0 and ||e-|| > r. This shows that 

p = inf J{u) > c* > 0 = max{ J(0), J(e*)}. 


□ 


Proof of Main Theorem (Part 1). By Lemmas 13.5113.31 and 13.41 and Remark 
[T]the conditions (Hq) and (Hi) of Theorem 12.21 are satished. 

Applying Theorem 12.21 we hnd sequences c +D^ such that 

lim ) = 0 and lim J(w± ) G [p, niax J(te±)]. 

ra—>00 ’ n^GO ’ t€[ 0 ,l] 

For any u G we have, in view of (/a). Lemma l3.11 iil and since p > 4, 

J(u) - ^{.Un),u) > a Q - + 5 Q - ||ur- (3-12) 

It follows from (13.1211 that the sequences {u^ .^}n are bounded in Ym- Since Ym 
is of finite dimension we have, up to subsequences, u* „ ^ u* in IHi as n ^ 00 . 
Since ±D^ is closed and Jm is smooth, it follows that 

u* G J(„(u±) = 0, and J(u±) G [p, max J(te±)] 

Inequality (13.1211 above then implies that the sequences are bounded in 

X. Going to subsequences if necessary we can assume that u* ^ u- in A" and 
^ u- in LP{^1) and in L^(r2), as m ^ cx). We denote by tt^ the orthogonal 
projection of X onto Y^- We have 


= (a+6||u±p)(u±,u±-7r^M±)+ ^+u^{u^-TrmU^)dx 

Jn 

- {ut-'^mu)fix,u^)dx. (3.13) 
Jn 


The Holder inequality gives 

I ('u^-'^mu)f(x,u^)dxj ^ -7r^M±|p|/(a;,u±|^ 



Since the sequences {u^}m are bounded, we deduce from (/i) and Lemma [3.11 il 
that {\f{x,u^)\^_}m and {\(l>u± Ljm are bounded. One can then easily deduce 

p—1 ^ 

from (I3.13|l . since J!^{u^) = 0 and nmU- u- in X, that u* ^ m- in X as 
TO ^ 00 . It is easy to see that u- are critical points of J. 

It remains to show that m"*" is positive and that u~ is negative. 

We first remark that J{u-) ^ p > 0 implies that u- 7 ^ 0. 
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Now, recall the definition dSll) of Since 6 and iPm c +P, we 

have 

dist{u^, ±P) s; dist{u^, ±Pm) < Mm, (3.14) 

where /im is given by (EH). Since /im ^ 0 as to —» oo, we conclude by taking the 
limit TO ^ 00 in E-14P that u- G ±P. □ 

3.2. Existence of a sign-changing solution. We show in this subsection that 
(ISKp has a sign-changing solution of mountain pass type under assumptions (/i, 2 , 3 ). 
The next two lemmas will be very helpful. 

Lemma 3.6. For q G [2,6] there exists > 0 independent of such that 
\’u\q ^ riqUrnj Vlt G H [ — 

Proof. This follows from the fact that there exists Kg > 0 such that for any u G Ym 
\u-\q = inf |lt — iuf \\u — v\\ = Kqdist{u, +Pm) ■ 


Lemma 3.7. For m large enough we have 

for ue diD'^) 

Proof. Let u G d{D^) n d{—D^). It is clear that ||m-|| > dist{u,+Pm) = IJ-m- 
Taking £ = in (13.61) and using Lemma iTfil we see that 

J{u) 55 I Hup - ^^F{x,u)dx ^ ^Mm - C/im, 

where c > 0 is a constant. We conclude by using the fact that /im —>• 0 as to —>• 
00 . □ 


In the following proof we adopt the notations of Theorem 12.31 

Proof of Main Theorem (Part 2). We first follow to verify the assump¬ 
tions of Theorem 12.31 We define the continuous map (^o : A ^ Ym by ipo{s,t) = 
R{sef + te^) for all (s,f) G A, where 62 is an eigenfunction corresponding to the 
second eigenvalue of the Laplacian, 62 = min{e 2 , 0 }, ef = max{e 2 , 0 }, and R > 0 
is a constant to be determined later. Since 62 is sign-changing, ej are not equal to 
0. Obviously, ipo{Q,t) G and (Mo(s,0) g —D^. 

Now a simple computation shows that <5 := min{|(l —t)ef ~f tej I 2 : t G [0,1]} > 0. 
Then, \u \2 ^ 5R for u G (Mo(doA) and it follows from Lemma [3H that (Mo(5oA) n 
{~Dm) = 0 foi' ^ large enough. 

Recall that (/a) implies F{x,u) ^ ci|up — C 2 for some positive constants ci and C 2 . 
Then we obtain using Lemma Eiri) 

J(n)*s||Hp-fCi||nr-C2HC + C3, 

where Ci, 2,3 are positive constants. This inequality together with Lemma |3.7I im- 
plies that, for to and R large enough, 

sup J(m) < 0 < c^. 

usipoidoA) 
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We have then shown that the assumptions of Theorem 12.31 are satisfied. Hence, 
applying Theorem 12.31 we find, for m large enough, a sequence («„)« c Vtm^Sm) 
such that 

lim J'mium) = 0 and lim J{u'^) G Tco, sup 

uevoiA) 

We can proceed as in the proof of Part 1 to show that, up to a subsequence, 
u!^ —>■ Um in Ym as n ^ 00 and that Um e Vitm. {Sm), J'mi'^rn) = 0, and the sequence 
{um)m converges, up to a subsequence, to a critical point u of J as to —» oo. To see 
that u is sign-changing, we first observe that 

{JL{um),u^) = Q => a||u±p ^ u±/(a;,u±). 

Jn 

We recall that (/i) and (/ 2 ) imply 

Vg > 0, 3c£ > 0 ; \f{x,t)\ ^ e\t\ + Ce\t\^~^, V(a:,t) g H x R. 

We then obtain by using the Sobolev embedding theorem 



for some constant c > 0. Since Um is sign-changing, are not equal to 0. Choosing 
e small enough it follows that ||u* || > a > 0, where a does not depend on to. By 
passing to the limit m —>■ oo, we conclude that u is sign-changing. □ 

3.3. Existence of high energy sign-changing solutions. In this subsection, 
we show that (ISKPI) has infinitely many large energy sign-changing solutions by 
applying Theorem l2.5l We recall the definition of Yk and Zk (fc ^ 2 ). 

Yk = and Zk = ®'jLkXj, 

where Xj designates, as above, the eigenspace corresponding to the jth eigenvalue 
of the Laplacian. 

Proof of Main Theorem (Part 3). Since the argument is the same as in EE], 
we just provide a sketch here. 

Using (/i) and Lemma IXlT iil . we obtain 

J{u) ^ ^\\uf - Ci\u\p - C 2 , yueX, 

where ci,C 2 > 0 are constant. It then follows that for any us Zk such that 



where 

(3k ■= sup \v\p. 

veZk 
\\v\\ = l 

Then we obtain By Lemma 3.8 in [27], (3k ^ 0 and then —> cx), as A: —> go. 

On the other hand, using the fact that Yk is finite-dimensional one can easily 
verify that J{u) —> — oo, as ||u|| — » cx), u G Yk- Therefore, for k big enough we can 
choose pk > Tk such that the conditions of Theorem [2^ are satisfied. We can then 
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proceed as in BM to show that J has a sequence {uk} of sign-changing critical 
points such that J{uk) ^ oo, as A: ^ go. □ 
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